We treat the stability of determining the boundary impedance of an obstacle by scattering data, with a single incident field. A previous result by Sincich (SIAM J. Math. Anal. 38, (2006), 434-451) showed a log stability when the boundary of the obstacle is assumed to be C 1,1 -smooth. We prove that, when the obstacle boundary is merely Lipschitz, a log-log type stability still holds.
Introduction
In this note we consider the stability of the determination of an impedance coefficient on an inaccessible boundary from scattering data arising from a single incident wave. More precisely we consider ∆u + k 2 u = 0, in R 3 \ D, The scattered field has a well-known asymptotic behavior at ∞
as r tends to ∞, uniformly with respect to x = x |x| and where u ∞ is the so-called far field pattern of the scattered wave (see [10] ).
We deal with the inverse scattering problem of determining λ = λ(x) when the far field u ∞ is known for a given incident direction ω.
The stability for this problem was treated in [19] , and we refer to the bibliography therein for further references.
The result in [19] can be summarized as follows. If the unknown impedance λ is Lipschitz and the boundary of the scatterer D is C 1,1 , then λ depends on u ∞ with a modulus of continuity of logarithmic type (with a single log !).
The purpose of this note is to investigate the stability when the regularity assumption on the scatterer is relaxed to Lipschitz. The requirement of the C 1,1 regularity at the boundary was mainly due to the fact that such regularity is needed in order to obtain a doubling inequality at the boundary for |u| 2 [19, Theorem 4.6] . We refer to [1] for a thorough discussion of this topic. In brief, such a doubling inequality is needed because the impedance can be obtained from the total field u (which is uniquely, and stably, determined by the far field pattern) by computing
Consequently, it is necessary, in order to estimate λ, to have a control on the rate of vanishing of u on ∂D. The doubling inequality implies that such a rate is at most algebraic in the L 2 -average sense, that is
is the ball of radius r centered at x 0 ∈ ∂D. From this bound on the vanishing rate of |u| 2 the stability for λ with a single log follows. Note that in fact, in [19] a slightly different route is followed, which involves the notion of Muckenhoupt weights.
It is an open problem if the doubling inequality at the boundary holds true when we relax the regularity assumption on ∂D (see again [1] ). Nevertheless, it is expected that the order of vanishing of u |∂D can be still controlled somehow. In fact we shall prove that, assuming ∂D Lipschitz, u |∂D has a rate of vanishing controlled in an exponential fashion as follows
With the aid of such estimate we are able to prove a stability result of a weaker type, namely with a log-log type modulus of continuity. We remark that this phenomenon confirms a scheme that was already known for different, but related inverse boundary value problems [2] . In that paper, inverse problems with unknown boundary for elliptic equations were treated and, on the unknown boundary a condition of Dirichlet or Neumann type was prescribed. It was shown that, in case that the unknown boundary is smooth enough to have a doubling inequality at the boundary, then the stability was of log type. Instead with weaker regularity assumptions only a log-log type estimate could be obtained. See for instance the proof of [2, Theorem 2.1]. This scheme has also been confirmed with different inverse boundary problems [14, 6] .
Let us mention also that, recently, a similar task to the present one was attempted in the preprint [7] by Bellassoued, Choulli and Jbalia. The main result in that paper also consists of a log-log stability, but of local type only. That is, the stability is proved only when the error on the unknown impedance is a-priori known to be small. Furthermore the stated regularity assumptions on the boundary have some unclear aspects. The plan of the paper is as follows. In Section 2 we introduce notation, the main assumptions and state the main stability result, Theorem 2.1. Section 3 collects more or less well-known estimates on the direct problem (1.1), we conclude it by stating a rather more delicate result, Theorem 3.4, in which the boundary trace of the field u is estimated in H 1 . The proof is contained in the following Section 4. It relies on the well-known Rellich's identity, the main theorem of this section being Theorem 4.1. Section 5 explores the stability of the determination of the scattered field in terms of the far field data. We review some known results, and we present some new ones, which rely on the analysis developed in the previous Section 4, see in particular Corollaries 5.3 and 5.4, where the stability for negative norms of the normal derivative of u is obtained. The occurrence of negative norms appears to be necessary here because, being the boundary only Lipschitz, the normal derivative of u may be nonsmooth. In Section 6 we obtain, Theorem 6.1, the local lower bound on the vanishing rate of u on ∂D announced above in (1.4) . This is achieved though a quantitative estimate of unique continuation which is by now well-known as a Lipschitz Estimate of Propagation of Smallness, see for instance [2, 14] . In Section 7 we present an interpolation inequality between a weighted L 1 -norm and a Hölder norm, when the weight satisfies a bound on its vanishing rate of the type (1.4), Proposition 7.1. We finish the proof of Theorem 2.1 in the final Section 8.
Main assumptions and results

Main hypotheses and notation
Assumptions on the domain. We shall assume throughout that D is a bounded domain in R 3 , that is, for a given d > 0, we require diamD ≤ d. Also we require that R 3 \ D is a connected set, and that the boundary ∂D is Lipschitz with constants r 0 , M . More precisely, for every x 0 ∈ ∂D, there exists a rigid transformation of coordinates under which,
where
(x0)) ≤ M r 0 , where we denote by
For the sake of simplicity we shall assume that 0 ∈ D. Fixed R > d, ρ ∈ (0, r 0 ) and x 0 ∈ ∂D, let us define the following sets
2)
3)
A priori information on the impedance term. Given λ 0 > 0, we assume that the impedance coefficient λ belongs to C 0,1 (∂D, R) and is such that
for every x ∈ ∂D. Moreover we assume that, for a given constant Λ > 0, we have that
From now on we shall refer to the a priori data as to the following set of quantities, d, r 0 , M, λ 0 , Λ, k.
In the sequel we shall denote with η(t) a positive increasing concave function defined on (0, +∞), that satisfies
where C > 0, ϑ > 0 are constants depending on the a priori data only.
The main result
Theorem 2.1 (Stability for λ). Let λ 1 , λ 2 satisfy (2.8), (2.9). Let u i , i = 1, 2, be the weak solutions to the problem (1.1) with λ = λ i respectively and let u i,∞ be their respective far field patterns. If for some ε > 0, we have
where η is given by (2.10).
The direct problem
Let us introduce the following space 
where ν is the inward unit normal to D.
Lemma 3.1 (Well-posedness). The problem (3.1) has one and only one weak solution u s . Moreover, for every R > d, there exists a constant C R > 0 depending on the a priori data and on R only, such that the following bound holds
Proof. For the proof we refer to Lemma 3.1 in [19] , see also [9] for a previous related result.
Theorem 3.2 (C α regularity at the boundary). Let u be the weak solution to (1.1), then there exists a constant α, 0 < α < 1, such that for every
Moreover, there exists a constant C R > 0 depending on the a priori data, on R only, such that
Proof. This is a more or less standard regularity estimate up to the boundary. The Moser iteration technique fits to this task. Details can be found in [18, Lemma 3.3] . Note also that the arguments used there only require the Lipschitz regularity of ∂D.
Corollary 3.3 (Lower bound).
There exists a radius R 0 > 0 depending on the a priori data only such that
Proof. The proof relies on the same arguments discussed in [19, Corollary 3.3] . 
The proof shall be given in the next section.
Estimates at the boundary.
We begin by recalling the well-known fact that there exists ρ 0 ∈ (0,
Here ∇ T v denotes the tangential gradient of v on ∂D and C depends on M, r 0 , d, ρ and k only.
Proof. A priori inequalities of this sort were first proven by Payne and Weinberger [15] , [16] . A proof when k = 0 and with Lipschitz boundary is due to Jerison and Kenig [13] . The underlying tool for such estimates relies on the celebrated Rellich's identity [17] . The adaptation to the case of the Helmholtz equation (k = 0) can be obtained as follows.
Recalling the local graph representation of ∂D introduced in (2.1), let us define, for every r ∈ (0, 2ρ 0 ], the half cylinder
and let us denote .7) and (4.8) for V , we readily deduce the above stated inequalities for v. The final step consists of covering ∂D with neighbourhoods ∆ r , with r small enough so that the corresponding half cylinders C We shall denote by ϑ ∈ C ∞ (R n ) a mollification of the characteristic function
in R n , where C m depends on m, d and r 0 .
We have
where C depends on M, r 0 , d, ρ and k only.
Proof. In view of (4.1), for any ζ ∈ H 1 (∂D) we can consider the unique solution ϕ ∈ H 1 (E ρ ) to the Dirichlet problem Moreover we have
with C > 0 only depending on M, r 0 , d, ρ and k. Let ϑ the previously introduced cutoff function and denote ψ = ϑϕ. The Green's identity gives
applying (4.3) to ϕ and taking into account (4.12) we get (4.15) and the thesis follows by duality.
Stability for the scattered field
Lemma 5.1 (From the far field to the near field). Let u i , u i,∞ , i = 1, 2, be as in Theorem 2.1. Suppose that, for some ε, 0 < ε < 1, (2.11) holds, then there exist a radius R 1 > 0 and a constant C > 0, depending on the a priori data only, such that
where α(ε) is defined as
Proof. For the proof we refer to Lemma 4.1 in [19] , which is based on the stability results for the near field achieved by Isakov in [12] and further developed by Bushuyev in [8] .
Theorem 5.2 (Stability at the boundary). Let u i , u i,∞ , i = 1, 2, be as in Theorem 2.1. We have that, if for some ε > 0, (2.11) holds, then
where η is given by (2.10), with a constant C > 0 depending on the a priori data only.
Proof. The arguments in [19] need few adjustments. The main additional tool is a global estimate of propagation of smallness [5, Theorem 5.3 ] which enables to achieve
The C α bound obtained in Theorem 3.2 allows, by interpolation, to conclude.
Under the same hypothesis of Theorem 3.2 we have that
Proof. This is an immediate consequence of (5.3) and of Lemma 4.2.
Corollary 5.4. Under the same hypothesis of Theorem 3.2 we have that
Proof. The result follows by interpolation with the aid of the impedance condition in (1.1) and of Theorem 3.2.
The estimate of Lipschitz propagation of smallness
Let us denote r 1 = min r 0 , 1 2 . Theorem 6.1. Let u be the weak solution to (1.1). For every r, 0 < r < r 1 , and for every x 0 ∈ ∂D we have that
where K > 0 only depends on the a priori data.
The proof shall stem from the two Lemmas below.
Lemma 6.2. Let u be the weak solution to (1.1). For every r, 0 < r < r 0 and for every x 0 ∈ ∂D we have that
where C > 0, 0 < β < 1 2 are constants depending on the a priori data only. Proof. By the arguments in [5, Theorem 1.7] concerning the well-known local estimate for the Cauchy problem and by the a priori bounds achieved in Theorem 3.2 and Theorem 3.4 we get that for any 0 < r < r 0 and for
where C > 0, 0 < δ < 1 are constants depending on the a priori data only. Note that the last factor u 1−δ L 2 (Γr (x0)) is bounded by a constant in view of Theorem 3.2. We recall that for any 0 < r < r 0 and for any x 0 ∈ ∂D the following interpolation inequality holds
H 1 (∆r(x0)) (6.4) where C > 0 depends on the a priori data only. Finally by the impedance condition on ∂D, by the above interpolation inequality and by the a priori bound in Theorem 3.4, the theorem follows with β = δ 2 .
Lemma 6.3. Let u be as above. For every r, 0 < r < r0 2 and for every x 0 ∈ ∂D we have that
where C, k 1 , k 2 > 0 are constants depending on the a priori data only.
Proof. For the proof we mainly refer to [14, Proposition 3.1] , where the authors achieved a Lipschitz propagation of smallness result for the L 2 norm of Jacobian matrix of the solution to the Lamé system. Nevertheless, the same arguments go through for the L 2 norm of the solution to the Helmholtz equation as well. We provide below a sketch of the proof. Letx ∈ Γ r (x 0 ) be such that B r 8 (x) ⊂ Γ r (x 0 ). Now, by adapting the techniques developed in [14, Proposition 3.1], which are mostly based on a standard propagation of smallness and the iterated use of the three spheres inequality along a chain of balls centered on the axis of a cone and with increasing radii (see also [3, Section E.3]), we find that
where R 0 > 0 is the radius introduced in Corollary 3.3. By combining the lower bound stated in (3.4) and the obvious inequality
|u| 2 we obtain the desired estimate.
Proof of Theorem 6.1 From the above Lemmas we deduce
It is an elementary fact that we may find K > 0, only depending on C, k 1 , k 2 , β such that (6.1) follows.
A weighted interpolation inequality
Proposition 7.1. Given M, K > 0, let w ≥ 0 be a measurable function on ∂D satisfying the conditions
and w L 2 (∆r(x)) ≥ exp(−Kr −K ) for every x ∈ ∂D and r ∈ (0, r 1 ).
Let f ∈ C α (∂D) be such that
where η satisfies (2.10) with constants only depending on M, K, r 0 , α.
Proof. By (7.1) we have trivially
w ≥ M −1 exp(−2Kr −K ) for every x ∈ ∂D and r ∈ (0, r 1 ). (7.6) Now fix ξ ∈ ∂D such that |f (ξ)| = f L ∞ (∂D) . For every r > 0 and x ∈ ∆ r (ξ) we have |f (ξ)| ≤ |f (x)| + Er α , (7.7)
by multiplying both sides of (7.7) by w and integrating over ∆ r (ξ) we get Now, if ε < E and r = (4K) 1/K | log ε E | −1/K < r 1 , then we fix this value of r in (7.9) and the thesis follows. The remaining cases are trivial.
Conclusion
Proof of Theorem 2.1. By a standard interpolation estimate we deduce that where C > 0 only depends on the a priori data. It is an elementary observation, that we have
where C > 0 is a constant depending on the a priori data only. On the other hand, by the impedance condition where C > 0 is a constant depending on the a priori data only. Hence, by the inequality (8.1) we arrive at
Now, we apply Proposition 7.1 with w = |u 1 | 2 and f = (λ 1 − λ 2 ) 2 and the conclusion follows.
